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Abstract: The decay constants of the pseudoscalar mesons B and Bs are evaluated
from QCD sum rules for the pseudoscalar two-point function. Recently calculated per-
turbative three-loop QCD corrections are incorporated into the sum rule. An analysis in
terms of the bottom quark pole mass turns out to be unreliable due to large higher order
corrections. On the contrary, in the MS scheme the radiative corrections are under good
theoretical control and a reliable determination of fB and fBs becomes feasible.
Including variations of all input parameters within reasonable ranges, our nal results
for the pseudoscalar meson decay constants are fB = 19723 MeV and fBs = 23225 MeV.
Employing additional information on the product
p
BBfB from global ts to the unitarity
triangle, we are in a position to also extract the B-meson B-parameter BB = 1:25 0:41.
Our results are very compatible with analogous determinations of the above quantities in
lattice QCD, albeit with smaller errors in the case of fB and fBs .
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1 Introduction
Experimental eorts in recent years have provided us with a wealth of new information on
decays of bottom hadrons. To achieve a good understanding of these data, also the impact
of the strong interactions has to be controlled quantitatively. This requires the accurate
calculation of hadronic matrix elements involving B-hadrons. Generally, hadronic ma-
trix elements contain contributions from low energies and thus non-perturbative methods
should be employed for their evaluation. Current approaches include lattice QCD, QCD
sum rules and the eective theory of heavy quarks (HQET). In this work, we shall consider
a calculation of the simplest type of hadronic matrix elements, namely the pseudoscalar
B- and Bs-meson decay constants fB and fBs in the framework of QCD sum rules [1{4].
The pseudoscalar decay constants parametrise B-meson matrix elements of the axial-
vector current with the corresponding quantum numbers and are dened by
h0j(qγµγ5b)(0)jB(p)i = ifBpµ and h0j(sγµγ5b)(0)jBs(p)i = ifBspµ : (1.1)
Throughout this work we assume isospin symmetry and q can denote an up or down quark.
Weak interactions induce the leptonic decay of the B-meson. For example fB then appears
in the decay width of the process bu! ll which takes the form












completely analogous to the corresponding decay of the light pseudoscalar mesons. Despite
the suppression by the small factors m2l and jVubj2, there is some hope that the leptonic
decay B ! ll can be measured at the B-factories within the next years. Once fB is
assumed to be known, this would provide a very clean determination of jVubj. In any case,
fB is an important quantity for it also enters more complicated hadronic matrix elements
of B-mesons like form factors or matrix elements of four-quark operators.
The calculation of heavy meson decay constants in QCD has a rather long history.
For charmed mesons, they were rst considered in [5, 6], whereas the extraction of fB
from QCD sum rules was investigated in [7{15]. The rst determination of fB [7] dates
back already twenty years. Nevertheless, due to recent theoretical progress, we nd it
legitimate to reconsider this problem. Very recently, the perturbative three-loop order 2s
correction to the correlation function with one heavy and one massless quark has been
calculated [16, 17] for the rst time. It turns out that in the pole mass scheme, which
was used for most previous analyses, due to renormalon problems [18], the perturbative
expansion is far from converging. However, taking the quark mass in the MS scheme [19],
a very reasonable behaviour of the higher orders is obtained and a reliable determination
of fB becomes feasible.
1
1After completion of this work, we became aware of an independent analysis on the same subject [20],
where also the new order α2s corrections are included, however employing the framework of HQET.
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dx eiqx hΩj Tf j5(x) j5(0)ygjΩi ; (1.3)
where Ω denotes the physical vacuum and j5(x) will be the divergence of the axialvector
current,
j5(x) = (M +m) : q(x) iγ5Q(x) : ; (1.4)
with M and m being the masses of Q(x) and q(x). In the following, Q(x) denotes the
heavy quark which later will be specied to be the bottom quark, whereas q(x) can be one
of the light quarks up, down or strange. Note that the current j5(x) is a renormalisation
invariant operator. In the case of (ub) the corresponding matrix element is given by
(mb +mu)h0j(uiγ5b)(0)jBi = fBm2B ; (1.5)
where mB is the B-meson mass.
Up to a subtraction polynomial which depends on the large q2 behaviour, Ψ(q2) satises





(s− q2 − i0) ds+ subtractions ; (1.6)
where (s) is dened to be the spectral function (s)  Im Ψ(s + i0)=. To suppress
contributions in the dispersion integral coming from higher excited states, it is further
convenient to apply a Borel (inverse Laplace) transformation to eq. (1.6) which leads to2
uBu Ψ(q2)  u Ψ̂(u) =
1∫
0
e−s/u(s) ds : (1.7)
Bu is the Borel operator and the subtraction polynomial has been removed by the Borel
transformation. As we shall discuss in detail below, the left-hand side of this equation is
calculable in renormalisation group improved perturbation theory in the framework of the
operator product expansion, if the Borel parameter u can be chosen suciently large.
Under the crucial assumption of quark-hadron duality, the right-hand side of eq. (1.7)
can be evaluated in a hadron-based picture, still maintaining the equality, and thereby
relating hadronic quantities like masses and decay widths to the fundamental SM parame-
ters. Generally, however, from experiments the phenomenological spectral function ph(s)
is only known from threshold up to some energy s0. Above this value, we shall use the
theoretical expression th(s) also for the right-hand side. In the case of the B-mesons,
we approximate the phenomenological spectral function by the pole of the lowest lying





B (s−m2B) + (s− s0)th(s) : (1.8)
2All relevant formulae for the Borel transformation are collected in Appendix A.
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This is legitimate if s0 is large enough so that perturbation theory is applicable. The








B−s)/uth(s) ds : (1.9)
In section 2, we give the expressions for the perturbative pseudoscalar spectral function
up to the next-next-to-leading order in the strong coupling, and in section 3, the non-
perturbative condensate contributions are summarised. Section 4 contains our numerical
analysis of the sum rules. Finally, in section 5, we compare our results to previous deter-
minations of fB in the literature and we present an estimate of the hadronic B-parameter
in the B-meson system BB.
2 Perturbative spectral function
In perturbation theory, the pseudoscalar spectral function has an expansion in powers of
the strong coupling constant,
(s) = (0)(s) + (1)(s) a(a) + 
(2)(s) a(a)
2 + : : : ; (2.1)
with a  s=. The leading order term (0)(s) results from a calculation of the bare











For the moment, we have only kept the small quark mass m in the global factor (M +m)2
and have set it to zero in the subleading contributions. Higher order corrections in m up
to order m4 will be discussed further below.
Our expressions for the spectral function always implicitly contain a -function which
species the starting point of the cut in the correlator Ψ(s). Although generally, we prefer
to utilise the MS mass, in order to have a scale independent starting point of the cut,
in this case we chose the pole mass Mpole. Modulo higher order corrections, it is always
possible to rewrite the mass in the logarithms which produce the cut in terms of the pole
mass such that the -function takes the form (s−M2pole).
The order s correction for the two point function Ψ(s) was for the rst time correctly
calculated in ref. [22], keeping complete analytical dependencies in both masses M and m.
Further details on the calculation can also be found in ref. [23]. From these results it is a









4L2(x) + 2 lnx ln(1− x) (2.3)
− (5− 2x) ln(1− x)
]











where x  M2=s and L2(x) is the dilogarithmic function [24]. The explicit form of the
rst order correction is sensitive to the denition of the quark mass at the leading order.
Eq. (2.3) corresponds to running quark masses in the MS scheme, M(m) and m(m),
evaluated a the scale m.
The term proportional to ln2m=M
2 cancels the scale dependence of the mass at the lead-
ing order, reflecting the fact that (s) is a physical quantity, i.e., independent of the renor-
malisation scale and scheme. Transforming the quark mass into the pole mass scheme,3 the
resulting expression becomes scale independent and of course agrees with eq. (4) of [8]. As
shall be discussed in more detail below, however, the perturbative corrections to fB in the
pole mass scheme turn out to be rather large and we refrain from performing a numerical
analysis of the sum rule in this scheme. Therefore, our expressions for the spectral function
will only be presented in the MS scheme.
The three-loop, order 2s correction 
(2)(s) has only been calculated very recently by
Chetyrkin and Steinhauser [16, 17] for the case of one heavy and one massless quark.
A completely analytical computation of the second order two-point function is currently
not feasible. However, one can construct a semi-numerical approximation for (2)(s) by
using Pade approximations together with conformal mappings into a suitable kinematical
variable [25, 26]. The input used in this procedure is the knowledge of eight moments for
the correlator for large momentum x ! 0, seven moments for small momentum x ! 1,
and partial information on the threshold behaviour x! 1. In our analysis, we have made
use of the program Rvs.m which contains the required expressions for (2)(s) and was kindly
provided to the public by the authors of [16, 17].
In ref. [16, 17], the pseudoscalar spectral function (s) has been calculated in the pole
mass scheme. Thus we still have to add to (2)(s) the contributions which result from
rewriting the pole mass in terms of the MS mass. The two contributions 1
(2) and 2
(2)


















4L2(x) + 2 lnx ln(1− x)
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m can be found in Appendix B. Further-
more, in ref. [16,17] the renormalisation scale of the coupling a was set to Mpole. Since in
our numerical analysis we plan to vary the scale a independently from m, the contribu-
tion which results from reexpressing a(M) in terms of a(a) in the two-loop part needs to
3Explicit expressions for the relation between pole and MS mass are collected in Appendix B.
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be included as well.
Close to threshold, in the pole mass scheme, the pseudoscalar spectral function behaves
as v2(sln v)
k where v  (1 − x)=(1 + x) at any order k in perturbation theory. This
behaviour, however, does not persist in the MS scheme, where for each order, an additional
factor of 1=v is obtained, such that the order 2s correction goes like a constant for v !
0. Nevertheless, as we will see in more detail below, numerically the corrections for the
integrated spectral function show a much better convergence than in the pole mass scheme.
Let us now come to a discussion of the corrections in the small mass m. At the leading

















The somewhat bulky expressions for the rst order s correction can be obtained by ex-
panding the results of [22, 23] in terms of m and have been relegated to Appendix C.
Numerically, the size of the order s corrections increases with increasing order in the
expansion in m. However, even for the case of Bs the mass corrections in ms become
negligible before the perturbative expansion for these corrections breaks down.
In the process of performing the expansion of the results of [22, 23] in terms of m, it
is found that starting with order m3 logarithmic terms of the form lnm appear in the
expansion. They are of infrared origin, and in the framework of the operator product
expansion it should be possible to absorb them by a suitable denition into the higher
dimensional operator corrections, the vacuum condensates. If the operator product ex-
pansion is performed in terms of non-normal ordered, minimally subtracted condensates
rather then the more commonly used normal ordered ones, the mass logarithms indeed
disappear [28, 27, 29].
3 Condensate contributions
In the following, we summarise the contributions to the two-point function coming from
higher dimensional operators which arise in the framework of the operator product expan-
sion and parametrise the appearance of non-perturbative physics, if the energy approaches
the connement region. Here, we decided to present directly the integrated quantity uΨ̂(u)
because the spectral functions corresponding to the condensates contain -distribution con-
tributions.
The leading order expression for the dimension-three quark condensate is known since
the rst works on the pseudoscalar heavy-light system [8]:
uΨ̂
(0)














To estimate higher order mass corrections in our numerical analysis, we have included the
corresponding expansion up to order m2 [27]. From the mass logarithms of the perturbative
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order s and m
3 correction, it is a straightforward matter to also deduce the rst order
correction to the quark condensate since the mass logarithms must cancel once the quark
condensate is expressed in terms of the non-normal ordered condensate [28, 27, 29]. We



































where Γ(n; z) is the incomplete Γ-function. Again, the term ln2m=M
2 cancels the scale
dependence of the mass at the leading order.
The next contribution in the operator product expansion is the dimension-four gluon
condensate. Although its influence on the heavy-light sum rule turns out to be very small,
nevertheless we have included it in the analysis. The corresponding expression for the






(M +m)2 haFF i e−M2/u : (3.3)
In some earlier works on the pseudoscalar sum rule this contribution appears with a wrong
sign [8, 9, 15], although of course this has negligible influence on the numerical results.
The last condensate contribution that we consider in this work is the dimension-ve
mixed quark gluon condensate which still has some influence on the sum rule since it is
enhanced by the heavy quark mass. Again here the result is well known from the literature
and we just cite it for the convenience of the reader:
uΨ̂
(0)










We have checked explicitly that the contribution of the next-higher dimensional opera-
tor, the four-quark condensate is, is extremely small, and thus have neglected all higher
dimensional operators.
4 Numerical analysis
In our numerical analysis of the pseudoscalar heavy-light sum rule, we shall mainly discuss
the values of our input parameters, their errors, and the impact of those errors on the values
of fB and fBs . To begin, however, let us investigate the behaviour of the perturbative
expansion.
As was already mentioned above, in the pole mass scheme the rst two order s and 
2
s
corrections to Ψ̂(u) are of similar size than the leading term, thus not showing any sign of
convergence. For central values of our input parameters and a typical value u = 5 GeV2,
the rst order correction amounts to 80% and the second order to 87% of the leading term.
To be consistent with the perturbative result for (s), we have used mpoleb = 4:84 GeV,
which results from relation (B.4) up to order 2s. Because of the large corrections, we shall
6
not pursue an analysis in the pole mass scheme any further. On the contrary, in the MS
scheme for m = a = mb and u = 5 GeV
2, the rst and second order corrections are 12%
and 3% of the leading term respectively, while at m = 4:5 GeV the second order term
vanishes entirely. Hence, in the MS scheme the perturbative expansion converges rather





































Figure 1: fB as a function of the Borel parameter u for dierent sets of input parameters.
Solid line: central values of table 1; long-dashed line: m = 3 GeV (lower line), m = 6 GeV
(upper line); dashed line: mb(mb) = 4:17 GeV (upper line), mb(mb) = 4:29 GeV (lower
line); dotted line: sB0 = 32 GeV
2 (lower line), sB0 = 34 GeV
2 (upper line).
Nevertheless, the price to pay is a relatively strong dependence on the renormalisation
scale m, which constitutes the dominant source of uncertainty for the decay constants.
We have decided to vary m in the range 3 { 6 GeV. If m is smaller than about 3 GeV,
the perturbative corrections become too large and the expansion unreliable. In gs. 1
and 2, as the solid lines we display the leptonic decay constants fB and fBs for central






































Figure 2: fBs as a function of the Borel parameter u for dierent sets of input parameters.
Solid line: central values of table 1; long-dashed line: m = 3 GeV (lower line), m = 6 GeV
(upper line); dashed line: mb(mb) = 4:17 GeV (upper line), mb(mb) = 4:29 GeV (lower
line); dotted line: sBs0 = 33:6 GeV
2 (lower line), sBs0 = 35:6 GeV
2 (upper line).
power corrections become dominant, whereas for u & 6 GeV2 the continuum contribution
is as important as the phenomenological part. Thus a reliable sum rule analysis should be
possible in the range 4 GeV2 . u . 6 GeV2. As the long-dashed lines in gs. 1 and 2, we
then show the corresponding results for m = 3 GeV (lower line) and m = 6 GeV (upper
line). The uncertainties for fB and fBs which result from m are listed in table 1, where
we have collected the values for all input parameters and the corresponding variations of
the decay constants. The variation of a, on the other hand, only has a minor impact on
the error of fB and fBs .
Another important source of uncertainty is the error on the bottom quark mass mb.
For this value we have taken an average over recent determinations [30{34] which results
in mb(mb) = 4:23  0:06 GeV. The corresponding variations of fB and fBs are displayed
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Parameter Value fB [MeV] fBs [MeV]
m 4:5 1:5 GeV 16 17
mb(mb) 4:23 0:06 GeV 12 14
sB0 33:0 1:0 GeV2 9 {
sBs0 34:6 1:0 GeV2 { 9
a 4:5 1:5 GeV 5 5
hqqi(1 GeV) − (230 20 MeV)3 6 4
hssi=hqqi 0:8 0:2 { 4
ms(2 GeV) 115 20 MeV { 3
haFF i 0:024 0:012 GeV4 1 1
m20 0:8 0:2 GeV2 1 1
s(MZ) 0:1185 0:020 1 1
Table 1: Values for all input parameters and corresponding uncertainties for fB and fBs.
as the dashed lines in gs. 1 and 2, where the upper line corresponds to a lower value of
mb and the lower line to a larger mb. Again the impact on the error of fB and fBs is noted
in table 1. Our central values for the continuum thresholds sB0 and s
Bs
0 have been chosen
such as to maximise the stability of the sum rule in the region of interest. To estimate the
corresponding uncertainty, we have then varied the resulting values by 1 GeV. This may
seem a small variation, but the reader should keep in mind that the relevant parameter
is the energy dierence between the location of the rst resonance and the onset of the
continuum contribution. This energy dierences turn out to be roughly 465 MeV and
510 MeV for B and Bs respectively. Our variation then corresponds to about 20% of these
values. The results are also shown as the dotted lines in gs. 1 and 2. The upper lines
display the higher values for s0 and the lower lines a smaller s0.
The present uncertainties in the remaining QCD parameters s, the strange quark mass
ms and the condensate parameters have very small influence on the errors of fB and fBs .
Thus let us be very brief with the discussion of these quantities. The current value of
s(MZ) by the Particle Data Group, s(MZ) = 0:11850:020 [35], has been used whereas
our choice for the strange mass ms(2 GeV) = 115 20 MeV results from an average over
recent sum rule and lattice determinations [36{38]. Our value for the quark condensate has
been extracted from the Gell-Mann-Oakes-Renner relation [39] with current values for the
up- and down-quark masses. The ratio hssi=hqqi has been already discussed in ref. [40].
The mixed quark-gluon condensate is parametrised by hgsqFqi = m20hqqi with m20 being
determined in ref. [41] and nally, for the gluon condensate we take a generous range which
includes previous values found in the literature. All uncertainties for fB and fBs resulting
from these parameters are also listed in table 1.
Adding all errors for the various input parameters in quadrature, our nal results for
9
the B and Bs meson leptonic decay constants are:
fB = 197 23 MeV and fBs = 232 25 MeV : (4.1)
In the next section, we shall compare these values with previous QCD sum rule and lattice
determinations.
5 Conclusions
The only truly non-perturbative method to compute hadronic matrix elements is QCD
on a space-time lattice and thus it is very interesting to compare our ndings to the
corresponding results in lattice gauge theory. For the leptonic heavy meson decay constants,
they have been compiled in a recent review article by Bernard [42]. Taking into account
dynamical sea quark eects and estimating the corresponding uncertainties, his world
averages read:
fB = 200 30 MeV and fBs
fB
= 1:16 0:04 : (5.1)
The lattice value for fB is in excellent agreement with our results of eq. (4.1) and also our
ration fBs=fB = 1:18 turns out to be remarkably consistent with (5.1). Nevertheless, due
to sizable discretisation errors on the lattice, in our opinion, at present the QCD sum rule
determinations are more precise, although that will most certainly change in the future.
We now come to a comparison with recent QCD sum rule results for fB and fBs . The
status of sum rule calculations of fB in the pole mass scheme has been summarised in
the review article [14] with the result fB = 180  30 MeV. Although roughly 10% lower,
within the errors this result is well compatible with our value (4.1). However, due to the
large perturbative corrections in the pole mass scheme, and the strong dependence on the
bottom quark mass which in [14] was taken to be mpoleb = 4:7  0:1 GeV, the theoretical
error is not controlled reliably. Let us remark that the order 3s correction in the relation
between MS mass and pole mass alone gives a shift of mpoleb by roughly 200 MeV [43{45].
Typical results for fBs turn out to be about 35 MeV higher than fB [14] so that the
dierence between fBs and fB is in total agreement to our result.
The only recent analysis of the heavy-light meson sum rules which employed the heavy
quark mass in the MS scheme, is the analysis by Narison [15]. Expressing his result in
terms of fpi, he nds fB = (1:440:04) fpi. Using the present world average for fpi [35], this
turns into fB = 188 9 MeV. Given the fact, that the renormalisation scale in the mass
has not been varied in [15], the error appears to be underestimated, although the central
value again is in reasonable agreement to our result (4.1). The ratio fBs=fB has also been
calculated by the same author in [46] with the result fBs=fB = 1:16 0:05.
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The heavy-meson decay constant fB also plays a role in the mixing of neutral B
0 and
B0 mesons. The relevant hadronic matrix element can be expressed as [47]







where Q̂∆B=2 is the scale invariant four-quark operator which mediates B
0- B0 mixing and
BB is the corresponding scale invariant B-parameter which parametrises the deviation of
the matrix element from the factorisation approximation. In the factorisation approxima-
tion, by denition we would have BB = 1. The combination
p
BBfB can be extracted
from an analysis of experimental data on B0- B0 mixing together with additional inputs
which determine the matrix elements of the quark mixing or Cabibbo-Kobayashi-Maskawa
matrix. A very recent analysis then yields
p
BBfB = 220 26 MeV [48]. Taking together
our result for fB and the quoted value for
p
BBfB, we are in a position to give an estimate
of the scale invariant B-parameter BB, which reads
BB = 1:25 0:41 : (5.3)
For simplicity we have assumed Gaussian errors in both input quantities. The result again
is in very good agreement to corresponding determinations of BB on the lattice which gave
BB = 1:30 0:12 0:13 [42], although our error in this case is bigger.
To conclude, in this work we have presented a QCD sum rule determination of the
leptonic heavy-meson decay constants fB and fBs . Due to large perturbative higher order
corrections, an analysis in terms of the bottom quark pole mass appeared unreliable. On
the contrary, employing the heavy quark mass in the MS scheme, up to order 2s the
perturbative expansion displays good convergence and a reliable determination of fB and
fBs turned out possible. Our central results have been presented in eq. (4.1), where the
dominant uncertainty arose from the variation of the renormalisation scale in the quark
mass. Taking into account independent information on
p
BBfB from B
0- B0 mixing, we
were also in a position to give an estimate on the B-meson B-parameter BB in eq. (5.3).
All our results are in very good agreement to lattice QCD determinations of the same
quantities. Further improvements of our results will only be possible if the dominant
theoretical uncertainties could be reduced. This would require a more precise value of the
bottom quark mass and, more importantly, to reduce the renormalisation scale dependence,
the next perturbative order 3s correction which at present seems to be out of reach.
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Appendices
A The Borel transform


















f̂(u) e−s/udu : (A.2)









Cases in which logarithms appear can be treated by rst evaluating the spectral function
and then calculating the dispersion integral of eq. (1.7).
B Renormalisation group functions
For the denition of the renormalisation group functions we follow the notation of Pascual
and Tarrach [50], except that we dene the -function such that 1 is positive. The
expansions of (a) and γ(a) take the form:























97CA + 9CF − 20Tnf
]
: (B.3)
The relation between pole and running MS mass is given by
M(m) = Mpole
[
1 + a(a) r
(1)
m (m) + a(a)
































The coecients of the logarithms can be calculated from the renormalisation group [26]




m,0 are found to be [51, 52]
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C Mass corrections at order αs
Below, we present the order s mass corrections to the pseudoscalar spectral function which
arise from expanding the results by [22, 23] up to order m4, after the higher dimensional









4L2(x) + 2 ln x ln(1− x) (C.1)
− 2(4− x) ln(1− x)
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4L2(x) + 2 lnx ln(1− x) + (9 + 8x− 9x
2)
(1− x)2
− 2(7 + 7x− 2x
2)
(1− x) ln(1− x) + 2
(6 + 7x− 2x2)

















2L2(x) + ln x ln(1− x)
− (13− 24x− 27x
2 + 2x3)
2(1− x)2 ln(1− x) +
(12− 22x− 27x2 + 2x3)
2(1− x)2 ln x
+ 3
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